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It is well known that the problem of graph k-colourability, for any k 2 3, is NP-complete but 
that graph 2-colourability may be solved easily in polynomial time. An (s, r)-colouring of a graph 
G (szrz 1) is an assignment of r colours from a set of s to each vertex of G in such a way that no 
two adjacent vertices have a colour in common. The problem of (2r + 1, r)-colourability for r = 1, 
2,3,... forms a family of increasingly restrictive colouring problems, the first of which is the 
standard 3colourability problem. Each of these problems is shown to be NP-complete by 
constructing a polynomial transformation from 3satisfiability to (2r + 1, r)-colourability, valid 
for each value of r. 
1. Introduction 
One of the best known of the many graph theoretic problems that have been 
shown to be NP-complete is that of graph k-colourability for any fixed value of 
k 13, viz. given a graph G and a positive integer k (r3), does there exist an 
assignment of one of k available colours to each vertex of G in such a way that no 
two adjacent vertices are assigned the same colour? On the other hand, graph 2- 
colourability is easily solvable in polynomial time by a depth-first search algorithm, 
so that k = 3 is, in a sense, the critical case. A proof for the case k = 3 may be found 
in [5]. Indeed, the NP-completeness of graph 3-colourability has been exploited by 
Garey and Johnson [3] in proving certain bounds on the possible performance 
guarantees of any polynomial time approximation algorithm for the chromatic 
number of a graph. It is therefore of some interest to present a family of 
increasingly restrictive graph-colouring problems, all more restrictive than 3- 
colourability and yet all retaining the property of NP-completeness. 
An (s, r)-colouring of a graph G (SLTZ l), first introduced in [S] and 
subsequently studied in e.g., [I 11, [6] and [l], is an assignment of r colours from a 
set of s available colours to each vertex of G in such a way that no two adjacent 
vertices have a colour in common. 
This type of colouring was itself used by Garey and Johnson [3] in their work on 
approximation algorithms for the chromatic number. 
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It is clear that Ls/ri-colourability implies (s, r)-colourability, since an Ls/rJ- 
colouring can be converted to an (s, r)-colouring simply by using L~/rJmutually 
disjoint r-subsets to replace the Ls/rl single colours. Further we shall show in 
Lemma 1 that, for r 1 I> 1, (2r+ 1, r)-colourability implies (2t + 1, t)-colourability, 
but that the converse does not necessarily hold. So if we denote by S,, the class of all 
(s, r)-colourable graphs, we see that 
so that the problems of (2r+ 1, r)-colourability, for r= 1,2,3,. . ., provide an infinite 
family of increasingly restrictive colouring problems. 
It is our purpose in the present note to demonstrate the NP-completeness of 
(2r+ 1, r)-colourability for each fixed value of rz 1. Membership of each of these 
problems in NP is immediate, so it suffices to describe a polynomial transformation 
from a known NP-complete problem, in this case 3-satisfiability, to (2r+ 1, r)- 
colourability, for each value of r. 
This polynomial transformation is achieved by the so-called method of 
component design (our terminology follows that of [4]). We define the graph r, to 
consist of ( 2r: ’ ) vertices, one vertex corresponding to each r-subset of a (2r+ I)-set, 
with two vertices adjacent if and only if the corresponding r-subsets are disjoint. 
The graph r, is used in the construction of our transformation in two rather 
different ways. On the one hand, it is used as a ‘truth-setting’ component to 
communicate in a unique way a truth assignment to literals in terms of colours 
attached to certain vertices, and vice versa. On the other hand, it is also used as a 
‘satisfaction-testing’ component, to ensure that the graph constructed has a 
(2r+ 1, r)-colouring if and only if the original boolean expression (in 3-CNF) is 
satisfiable. 
In order to achieve the ends described above, certain intrinsic properties of the 
graphs K’, must first be established. In particular, we must be clear that these graphs 
can be (2r + 1, r)-coloured in an essentially unique way, and that a certain extension 
of r, can be (2r-t 1, r)-coloured only under a very precise condition. 
2. Preliminary results 
Our first lemma establishes the result already mentioned in the introduction 
concerning the relationship between (2r + 1, r)-colourability problems for different 
values of r. 
Lemma 1. If a graph G is (2r + 1, r)-colourable and rz t 2 1, then G is also (2t + 1, t)- 
colourable. 
Proof. Given a (2r + 1, r)-colouring of G based on the colours in the set R = { 1,2,. . ., 
2r+l),weattachasetoftcoloursfromT={1,2,...,2t+l}toeachvertexuofGas 
follows: 
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(a) If u has $2 t colours from T, then the t smallest of these colours are used. 
(b) If u has s < t colours from T, then these are used, together with the t-s largest 
colours in T not already used on u. 
We claim that this yields a (2t + 1, t)-colouring of G. 
For, consider two adjacent vertices u and u in G, and suppose that in the original 
(2r+ 1, r)-colouring u and u have p and q colours respectively from T, with p>q. 
Then p + q 2 2t, since exactly one colour from R appears on neither u nor u, and so 
p 2 1. If q 2 t also, then it is immediate that u and LJ have no common colour in the 
new colouring. On the other hand, if q < t, then t - q sp - I, so that the p - t largest 
colours in T discarded from u will suffice to supply the necessary extra colours for I), 
and so no colour surviving on u will be used on u. 
The graph r,, which we call the subset graph of order r, consists of ( 2r:‘) vertices, 
one vertex corresponding to each r-subset of a (2r+ I)-set, which we usually take to 
be Zzr+, = {1,2,..., 2r+ l}, and two vertices are adjacent if and only if the 
corresponding two r-subsets are disjoint. So r, is regular of degree r+ 1. 
For example, I-, is just the complete graph K,, while r, is more familiar as the 
Petersen graph (see Fig. 1). The graphs r, have been studied in a number of contexts 
- see e.g. [lo] and [9]. 
Fig. 1. The graph T2. 
It is clear that the graph r, can be (2r-t 1, r)-coloured, since such a colouring is 
intrinsic in its construction. Our main aim in this section is to demonstrate that this 
colouring is unique up to a permutation of the colours. We shall refer to the 
(2r+ 1, r)-colouring implicit in the construction of r, as the natural colouring. 
Lemma 2. Any (2r+ 1, r)-colouring % of I-, can be obtained from the natural 
colouring 1 by a permutation of the colours. 
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Proof. By a well-known theorem of Erdo-Ko-Rado [2], the largest independent set 
in f, is of size (,?,), and by a result of Hilton and Milner [7], every independent set 
of this size is precisely the set of vertices with some colour c; in .,V. In JV, each colour 
occurs (,?,) times, and so this must also happen in V. Thus, for each 
i= 42, . ..) 2r+ 1, the vertices with colour i in V are precisely the vertices with some 
colour ci in JV. Further, if i#j then c;# Cj; for otherwise the remaining colours would 
yield a (2r- 1, r)-colouring of a graph with edges. 
As a final lemma, we state a result concerning the (2r+ 1, r)-colouring of a slight 
extension of the graph Tr, which will be used as a satisfaction testing component in 
the proof of our main theorem in Section 3. We also require a definition. 
A totally independent 3-set in r, (r22) is defined to be a set of 3 vertices which, in 
any (2r + 1, r)-colouring of r,., all have the same r - 1 colours in common. In view of 
Lemma 2, this concept is well-defined. We denote by H, the graph obtained from r, 
by adjoining 3 new vertices, one adjacent to each vertex of a totally independent 3- 
set in I-,. 
Lemma 3. If each of the 3 vertices of degree 1 in H, is given r colours, then this can 
be extended to a (2r + 1, r)-colouring of H, if and only if these 3 vertices use, in total, 
at least r + 1 and at most r f 2 colours. 
Proof. We may suppose that, in a (2r+ 1, r)-colouring of H,, the relevant totally 
independent 3-set is coloured {1,2 . . . . r- l,r}, {1,2 ,..., r- l,r+l} and 
{1,2,..., r- 1, r + 2). Then none of the three vertices of degree 1 can use any of 
colours 1,2,..., r - 1, On the other hand, nor can they all have the same r colours. 
The argument is easily reversed to prove the sufficiency of the condition. 
3. NP-completeness of (2r+ 1, r)-colourability 
Theorem. Graph (2r+ 1, r)-colourability is NP-complete for each fixed value of 
rz2. 
Proof. Membership in the class NP may be easily verified, so it suffices to show that 
the known NP-complete problem of 3-satisfiability is polynomially transformable 
to (2r+ 1, r)-colourability. Given a boolean expression in 3-CNF, it is well-known 
that we may assume each clause of E to consist of 3 different literals. We describe 
the construction from E, achievable for each fixed r in time polynomial in the length 
of E, of a graph G which we shall prove to be (2r + 1, r)-colourable if and only if E is 
satisfiable. 
The vertices of G are as follows: 
(i) 2 special vertices, denoted u and w. 
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(ii) A set of (,2’, ) vertices denoted 
vk (p= 192, .-., (r”‘l)). 
(iii) For each variable occurring in E, a set of(y) vertices denoted xi, 2, (represen- 
ting the variable and its complement) and 
Y,,k (k=1,2,..., (3 -2). 
(iv) For each clause Cj occurring in E, a set of 3 vertices denoted Zj, k (k = 1,2,3), 
and a set of ( 2r: ’ ) vertices denoted 
Yj,k (k= 1927 ***9 (2r: ‘)). 
So, if E contains n variables and m clauses, then G has a total of 
(y)n+p+(2’T1) jm+(ryl)+2 vertices. 
The edges of G are as follows: 
(v) Foreachi,theverticesvk(k=l,2 ,..., (r?l)),x;,xiandyi,k(k=l,2 ,..., (y) 
- 2) form a copy of r,. If the vertices of I-, are regarded as corresponding to the r- 
subsets of .&+i ={1,2,..., 2r+ l}, then the vertices uk correspond to the r-subsets 
of Z,,- 1 together with the union of {2r, 2r+ 1) and each of the (r-2)-subsets of 
Z,,_ 1,xi and xi correspond to Z,_ 1 U (2r) and Z,_, U {2r+ l} in some order, and the 
y;, k correspond to the other r-subsets of Z,,, 1 containing 2r or 2r+ 1 but not both. 
(vi) uw is an edge, u is joined to that uk representing { 1,2,..., r} and w to that uk 
representing {r, r + 1, . . ., 2r- l}. (Note: Fig. 2 illustrates a portion of the graph G 
constructed thus far in the case r = 2 .) 
Fig. 2. Part of the graph G in the case r=2. 
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(vii) wzj,k is an edge for all values Of j and k. 
(viii) If Cj=Xj, 1VXj 2VXj,3, then zj, ivCj, 1, Zj, 2ij, 2 and Zj, sij, 3 are edges. 
(ix) For each j the vertices rj, k (k = 1,2, . . ., ( 2r: ’ )) fOrIn a COPY Of r,. 
(x) For eachj, the vertices Zj, k (k = 1,2,3) are joined, one each, to the vertices of 
a totally independent 3-set in the copy of r, formed by yj, k (k = 1,2, . . . . (“T I)). 
We claim that the graph G so constructed is (2r-t 1, r)-colourable if and only if E 
is satisfiable. 
First, suppose that G is (2r+ 1, r)-colourable. We show how to find a satisfying 
assignment for E. Given a (2r+ 1, r)-colouring of G, in view of Lemma 2, we can 
suppose that the vertices uk are coloured according to the correspondence described 
in the construction of G. This determines the correspondence between the 
‘natural’ colouring and the given colouring, except that, for each i, vertices xi and 
ximayhavecolours {1,2,...,r-1,2r} and {I,2 ,..., r- 1, 2r+ l} in either order, with 
the y;, k coloured accordingly. 
Because of edge uw and their connections to certain vertices uk, u must have 
colours r+ l,r+2, . . . . 2r - r - 1, with one each of 2r, 2r + 1. 
We may suppose, without loss of generality, that u has colour 2r and w colour 
2r + 1. Colour 2r is then to be regarded as the ‘true’ colour and colour 2r + 1 as the 
‘false’ colour, in the sense that any literal represented by a vertex with colour 2r is 
assigned to be true and any literal represented by a vertex with colour 2r+ 1 is 
assigned to be false. We claim that this yields a satisfying assignment for E. For 
suppose that some clause Cj contains only false literals. Then each corresponding 
VerteX~j,k(k=l,2,3)haSCO10UrS{l,2,..., r - 1,2r}. Therefore, each 2j.k (k = 1,2,3} 
is forbidden these colours, and is also forbidden colour 2r + 1 because of adjacency 
to w. So each zj, k (k = 1,2,3) has the same r colours {r, r+ 1, . . .,2r- l} and so, in 
view of Lemma 3, the copy of r, formed by Yj,k (k= 1,2, . . . . (2r: I)) cannot be 
properly (2r + 1, r)-coloured-contradiction. 
Suppose, on the other hand, that E is satisfiable. We show how to obtain a 
(2r+ 1, r)-colouring of G. For some satisfying assignment, colour all the true literal 
vertices (1,2,..., r- 1,2r) and all the false literal vertices {1,2,...,r- 1,2r+ 1); for 
each i, this can then be extended to a colouring of the r, formed by the uk, xi, 2, and 
the y+ in which the correspondence of (v) above is preserved. 
Vertex u is given colours {r+ 1, r+ 2, . . ..2r- 1,2r} and vertex w colours 
{I,2 , . . ..r- 1,2r+ 1). Any vertex zj,k adjacent to a true vertex xi or Xi is coloured 
{r, r+ 1, . . . . 2r - l}, while any vertex Zj,k adjacent to a false vertex Xi or 2; (and there 
is at least one of these for each value of J) is coloured with r colours from 
{r, r+ 1 , . . ..2r} in such a way that, for eachj, not all of Zj,k (k= 1,2,3) have the same 
r colours. Clearly each set of vertices zj,k (k= 1,2,3) satisfies the conditions of 
Lemma 3, allowing all the copies of r, formed by the Yj,k to be (2r+ 1, r)-coloured. 
This completes a (2r + 1, r)-colouring of G, and establishes the required polynomial 
transformation. 
Note. In the case r = 1, the proof carries over, in a much simplified form, to give the 
A family of graph-colouringproblems 117 
NP-completeness of 3-colourability, provided that the phrase “totally independent 
3-set of rr” is replaced throughout by “the 3 vertices of I-,“. The resulting proof is, 
if anything, slightly simpler than that which appears in [5]. 
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